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Diffusivity in periodic arrays of spherical cavities
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This note deals with diffusion of a solute in a porousother words, the particle must overcome a high entropy
medium formed by a periodic array of identical, solvent-barrier'™® The escape takes time of the orderR¥(aDy),
filled, touching spherical cavities. We derive an expressiorwhere Dy is the solute diffusion constant in the bulk
for the effective diffusivity,D¢x, as a function of the me- solvent!® This time is large compared to the tirR&/D, that
dium microgeometry and the solute diffusivity in the bulk characterizes the relaxation of the distribution in the cavity to
solvent. The expression shows the effective transport proghe equilibrium. As a consequence, the particle visits every
erty can be directly linked to the microgeometry of the po-Sma” volume inside the cavity many times before it escapes,

rous material. and its average position in the cavity coincides with the cav-
Recent advances in materials science lead to a new clady center. _ _
of porous solids with periodic architectureSynthesis with Thus, on times much larger th&f/D, motion of the

templating by organic compounds can yield materials Withpa_rticle can be viewed as a ran.d(.)m walk between centers of
unimodal pore size distributiol® Templating with colloidal  N€ighboring spheres. After sufficiently many steps this ran-
crystals leads to solids with periodic arrays of identicaldom walk becomes equivalent to diffusion with the effective
voids*® Lithography can produce arrays of cavities con-diffusion constant given by

nected by narrow channéis® In addition to periodic porous

solids, fluid-based networks of vesicles and channels have D=
been reported!® The new materials with controlled micro-

geometry can be used to design unique environments for @herel is the distance between centers of two contacting

al?

= 1

number of biological and chemical proces$é$:* spheres
Well-defined architecture of these materials enables the- S
oretical descriptions of their transport properties. In particu- I=2yR°—a"~2R, @)

lar, the classical problem of the effective diffusivity in po- g the average time between successive steps of the random
rous medium can be solved at very low cost to produc& ik which is the average particle lifetime in the cavity, and
accurate expressions linking the effective diffusion constany, is 5 geometrical factor that depends on the lattice type, for
to the geometric parameters of the medium. Here, we derivg simple cubic latticex=1/6.
an expression for the effective diffusivity in a periodic me- The average lifetime is required to finish the deriva-
dium formed by an array of spherical cavities of radRs tjon. To find this time we use a recent result for the survival
connected by small round apertures of radiie<R. We  probability of a particle diffusing in a cavity of volume
show howD . depends on the radd andR, as well as on  with a circular absorbing disk on its wall. When the disk
the type of the lattice formed by the cavities. radiusa is small compared to the cavity size the survival
The effective diffusivity characterizes diffusion of solute probability is exponentialS(t) = exp(—kt), with the rate con-
molecules on times when their mean square displacement &ant given byk=4aD,/V.'® The average particle lifetime
much larger tharR?.*#"** To derive an expression fd.; in this cavity is 1k. The average lifetime of the particle in
one has to find the mean square displacement by solvinghe cavity withn absorbing disks is 1Ak). When the par-
diffusion equation with very complex boundary conditions. ticle comes to a window connecting two neighboring cavities
This problem has no analytical solution. However, this diffi-it has equal probabilities to end up on both sides of the
culty can be dealt with whea<R. In this case, diffusion window. Therefore, the average lifetime in the cavity con-
can be replaced by a lattice random walk between neighborected withn neighboring cavities is
ing sites, which coincide with the centers of the cavities. To

3
justify this statement, we note that wharkR, a particle has — 3 — 27R _ 3)
to find a small window in order to escape from the cavity. In nk 3naby
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Substituting this average lifetime into E@.) and using TR
Eq. (2) we arrive at 7sC= Ba - €)
_6aan DO 4
i R @ SinceR>a, the tortuosity factor is much larger than unity.

In conclusion, we have developed a theory for the effec-
tive diffusivity in arrays of spherical cavities. Our results can
be straightforwardly generalized to voids of other shapes,

6aDg such as cubes connected by small apertures and to the peri-
Defr,sc= 7R 5 odic arrays of voids connected by narrow tubes. This theory
will be presented in a forthcoming paper.

For a simple cubi¢SC) latticen=6, an=1, and the effec-
tive diffusivity takes the form

Using this we can writd . in Eq. (4) as

Defr= anNDegg sc- (6)  @Permanent address: Karpov Institute of Physical Chemistry, Vorontsovo
) ) . Pole 10, Moscow, K-64, 103064, Russia.
The expressions above are main results of this note. TheYauthor to whom correspondence should be addressed: Stanislav
show howDeff depends oR anda as well as the type of the Y. Shvartsman, Department of Chemical Engineering and Lewis-Sigler
lattice. Institute for Integrative Genomics, Princeton University, Princeton,
L . NJ 08544; Tel: 609-258-4694; Fax: 609-258-0211; Electronic mail:
Our approach is similar to the pore hopping theory de- stas@princeton.edu
veloped by Callagharet al. for the interpretation of their  1m. E. Davis, NatureglLondon 417, 813(2002.
pulsed gradient spin—echo nuclear magnetic resonance réH. P. Hentze and M. Antonietti, J. Biotechn8l0, 27 (2002.

; ; ; 3P. Yang, T. Deng, D. Zhao, P. Feng, D. Pine, B. F. Chmelka, G. M.
sults in porous medi&. The difference between the two Whitesides, and G. D. Stucky, Scien282, 2244 (1999.

the.oriels lies in the.fact that we evaluate the hlgpping ratess. kang, J. S. Yu, M. Kruk, and M. Jaroniec, Chem. Comm@am-
which is an uncertain parameter for Callagletral: bridge 16, 1670(2002.
The expressions deeﬁ derived above allow one to find ZY. Yin, Y. Lu, B. Gates, and Y. Xia, J. Am. Chem. Sd23 8718(2001).
the tortuosity factorz, which is a fudge factor that accounts '1\'5 Fl'gsggeppard' D. J. Mears, and S. W. Straka, J. Controlled Re@ase
. T ) .
for combined effect of constriction$:** It appears in the 735 p Snyder and T. A. Desai, J. Biomater. Sci., Polym. E1921(2002).

traditional presentation of the effective diffusion constant in L. Leoni and T. A. Desai, IEEE Trans. Biomed. Er§, 1335(2003).

a porous media in the form 9E. T. Kisak, B. Coldren, and J. A. Zasadzinski, Langrir 284 (2002.
10\, Karlsson, K. Sott, A. S. Cans, A. Karlsson, R. Karlsson, and O. Orwar,
Dg Langmuir17, 6754(2001).
De=—. (7) W, M. Saltzman and W. L. Olbricht, Nat. Rev. Drug Discdy177(2002.
T 12C. N. SatterfieldMass Transfer in Heterogeneous Cataly@i#iT Press,

Cambridge, 1969

For the model under study BR. A. Siegel and R. Langer, J. Colloid Interface Skf9, 426 (1986.

R W, M. Saltzman and R. Langer, Biophys.55, 163(1989.
= ) (8) 5H. X. Zhou and R. Zwanzig, J. Chem. Phygl, 6147 (1991).
6aan 18], V. Grigoriev, A. M. Makhnovskii, A. M. Berezhkovskii, and V. Y. Zit-

-, . . . . serman, J. Chem. Phy%16, 9574(2002.
When cavities form a simple cubic lattice, the tortuosity be-17p 1 callaghan, A. Coy, T. P. J. Halpin, D. Macgowan, K. J. Packer, and

comes F. O. Zelaya, J. Chem. Phy37, 651(1992.

Downloaded 24 Jul 2003 to 128.112.116.159. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



