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Drosophila
The anterior region of the Drosophila embryo is patterned by the concentration gradient of the homeodomain
transcription factor bicoid (Bcd). The Bcd gradient was the first identified morphogen gradient and continues
to be a subject of intense research at multiple levels, from the mechanisms of RNA localization in the oocyte
to the evolution of the Bcd-mediated patterning events in multiple Drosophila species. Critical assessment of
the mechanisms of the Bcd gradient formation requires biophysical models of the syncytial embryo. Most of
the proposed models rely on reaction–diffusion equations, but their formulation and applicability at high
nuclear densities is a nontrivial task. We propose a straightforward alternative in which the syncytial
blastoderm is approximated by a periodic arrangement of well-mixed compartments: a single nucleus and
an associated cytoplasmic region. We formulate a compartmental model, constrain its parameters by
experimental data, and demonstrate that it provides an adequate description of the Bcd gradient dynamics.
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Introduction

The anterior region of the Drosophila embryo is patterned by the
concentration gradient of a homeodomain transcription factor bicoid
(Bcd) (Ephrussi and St Johnston, 2004). Bcd is translated from the
anteriorly localized maternal transcript and diffuses in the syncytium,
a cell with multiple dividing nuclei. During the interphase, Bcd
undergoes rapid nucleocytoplasmic exchange (Gregor et al., 2007).
When in the nucleus, Bcd binds the regulatory DNA regions of its
transcriptional targets, controlling in this way multiple gene expres-
sion boundaries along the anteroposterior (AP) axis of the embryo.
The Bcd gradient was the first identified morphogen gradient and
continues to be a subject of intense research at multiple levels, from
the mechanisms of RNA localization in the oocyte to the evolution of
the Bcd-mediated patterning events in multiple Drosophila species
(Goering et al., 2009; McGregor, 2005; Weil et al., 2008).

The core processes leading to the formation of the Bcd gradient are
well established, but their relative contributions to the gradient
dynamics are a matter of debate (Reinitz, 2007). For instance, a
textbook model of the Bcd gradient assumes that the transcript is
tightly localized to the anterior pole of the embryo and that the
formation of the gradient requires protein diffusion (Wolpert et al.,
2002). In sharp contrast to this view, a recent study reports that the
transcript is distributed in an AP gradient with a length scale very near
to the length scale of the Bcd protein gradient (Spirov et al., 2009). As
another example, while nuclear degradation of Bcd was proposed to
set the length scale of the Bcd gradient (Gregor et al., 2007), recent
computational and experimental studies argue that nuclei play no role
in determining the wild type gradient length scale and stability
(Coppey et al., 2007; Lucchetta et al., 2008).

Unambiguous resolution of these arguments requires direct mea-
surements of multiple rate processes, such as the lifetime of the Bcd
protein and its diffusivity. At this time, accurate quantitative informa-
tion formost of these parameters is unavailable. For example, the spatial
pattern of Bcd production is inferred from the pattern of transcript
localization, which is clearly an indirect measure of the Bcd synthesis
rate. Similarly, two existing estimates of the Bcd diffusivity differ by
almost twoorders ofmagnitude (Gregor et al., 2005, Gregor et al., 2007).
Under these circumstances, one can attempt to solve an inverse
problem, i.e., to deduce the rate constants of multiple processes from
the macroscopic properties of the gradient, such as its length scale, by
fitting the observed gradient to a mathematical model.

Most of the proposed models of the Bcd gradient dynamics are
based on reaction–diffusion partial differential equations (PDEs) and
assume that the dynamics of Bcd concentration can be characterized
by effective diffusivity and reaction rate constants (Aegerter-Wilmsen
et al., 2005; Coppey et al., 2007; Hecht et al., 2009; Manu et al., 2009).
Formulation of such models is a nontrivial task. Indeed, a syncytial
embryo is a system with multiple time and length scales that char-
acterize the nucleocytoplasmic shuttling of Bcd, its diffusion between
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nuclei, as well as changes in the size and number of the nuclei them-
selves. Approximate continuum models can be derived via a rigorous
homogenization approach, leading to averaged reaction–diffusion
PDEs at a given nuclear density; yet, no formal way of accounting for
dynamic variations in the nuclear size and/or mitosis currently exists
(Sample and Shvartsman, 2010).

An alternative to the PDE-based modeling is provided by a more
coarse-grained description, whereby the syncytium is modeled by a
system of well-mixed compartments, each of which contains a single
nucleus and associated cytoplasmic region (“island”). This model has
been suggested by live imaging studies of the dynamics of Dorsal (Dl),
a protein that patterns the dorsoventral axis of the embryo (DeLotto
et al., 2007). These studies revealed dynamics characterized by a slow
interisland exchange and rapid intraisland equilibration. A mathe-
matical model based on these observations was consistent with the
observed dynamics of the Dl gradient and made a number of
successful predictions (Kanodia et al., 2009). Here, we use a similar
approach to model the Bcd gradient and explore the importance of
different processes, including the interisland exchange rate of Bcd
protein in the late syncytium, and the importance of the spatial
distribution of the source of Bcd synthesis. In addition, we provide an
estimate for the time scale of Bcd degradation in the model where Bcd
is degraded in the nuclei.
Fig. 1. (A) Model geometry: red spheres illustrate the nucleus in each compartment, and lig
compartment between two successive cycles, i and i+1. If the number of nuclei doubles th
adjacent compartments. Mass is transferred within each compartment from the cytoplasm to
cytoplasmic at a rate proportional to the coefficient kout. Cytoplasmic Bcd is transferred acr
Results

Compartmental model of the early embryo

Our model describes the temporal evolution of the Bcd concen-
tration along the one-dimensional AP axis, whose length we denoted
by L (see Fig. 1A). During cycles 1–9, we only considered the transport
of cytoplasmic Bcd, which is modeled through a standard diffusion
equation with a constant effective diffusivity D; we neglect the
presence of the nuclei, since their volume fraction is very small. Bcd is
produced at a constant rate Q at the anterior end (xA=0) of the
embryo; a no-flux boundary condition for the cytoplasmic Bcd applies
at the posterior end (x=xP=L). The initial concentration of Bcd is
taken to be zero (see Supporting material for equations).

During the secondphaseof theprocess (cycles 10–14), the syncytium
is modeled as an array of identical cuboidal compartments (Kanodia et
al., 2009). During the interphase of the nuclear division cycle, each
compartment consists of a single nucleus and its surrounding cytoplasm,
withinwhich transport occurs at a ratemuch faster than thatof transport
between adjacent compartments, as was shown by fluorescence
recovery after photobleaching (FRAP) experiments (DeLotto et al.,
2007). Thus, we model the concentration of cytoplasmic Bcd as uniform
(completely mixed) within each compartment and assume that the
ht blue denotes the surrounding cytoplasmic island. (B) Variation of the width of each
en the total volume is conserved when wi + 1=2−1/2 wi. (C) Expanded view of three
the nucleus at a rate proportional to the coefficient kin and from the nuclear phase to the
oss compartments at a rate proportional to the coefficient Γ.
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same holds also for the concentration of nuclear Bcd. The dynamics of a
single compartment during the interphase period are then described by
two ordinary differential equations (ODEs): one for cytoplasmic and one
for nuclear Bcd (see Supporting material for more details).

Cytoplasmic Bcd is transported across neighboring compartments
through a “membrane”-like transport mechanism, where flux is
proportional to the commonly shared surface area,Aadj, the intercompart-
mental difference of cytoplasmic Bcd concentrations and a permeability
constant Γ, which we assume remains constant at all times (Figs. 1B and
C). We also model the transport of Bcd between its cytoplasmic and
nuclear compartments as a first-order process across the nucleus surface
area, An.We assume that the trapping rate of cytoplasmic Bcd by nuclei is
proportional to a coefficient kin and its concentration; the release rate of
Bcd from the nucleus to its surrounding cytoplasm is also taken to be
proportional, with coefficient kout, to its concentration in the nuclear
phase. In this section, Bcd is modeled as a stable protein without any
degradation. An extension of this model, taking into account the nuclear
degradation of Bcd, is discussed later in the paper. Thus, the dynamics of
cytoplasmic and nuclear Bcd profiles aremodeled by the following ODEs:

d
dt

Vcyto BðjÞh i� �
= ΓAadj Bð j+1Þh i

+ Bðj−1Þh i
−2 BðjÞh i� �

+ koutAn BðjÞ
n

h i
−kinAn BðjÞh i

; ð1Þ

d
dt

Vn BðjÞ
n

h i� �
= −koutAn BðjÞ

n

h i
+ kinAn BðjÞh i

; ð2Þ

where [B(j)] and [Bn(j)] are the cytoplasmic and nuclear concentrations,
respectively, in compartment j; Aadj is the commonly shared surface of
two adjacent compartments given by Aadj=hwi, where h and wi are
the height and width, respectively, of the nuclear compartment, and
An is the surface area of a single nucleus. Assuming that the nucleus is
a sphere, An(t)=4πR(t)2, where R(t) is the nuclear radius at time t
(we take into account the experimental observations of growing
nuclear radii during each cycle (Gregor et al., 2007)). Vn is the volume
occupied by a single nucleus (Vn=4/3πR3) and Vcyto=hwi

2−Vn is the
volume of the associated cytoplasm island.

At the end of the interphase nuclei dissolve, releasing their content
to the surrounding cytoplasm. The number of equations is reduced by a
factor of 2, since only cytoplasmic Bcd is now involved in the process,
and we only consider its mass transport across the compartments.
Each compartment has constant height h (corresponding to the
cortical thickness) throughout cycles 10–14, andwidthwi, which does
vary between successive cycles in a way that ensures conservation of
the total volume occupied by the compartments. When the number of
compartments doubles, volume conservation between two successive
cycles implies that wi+1=2−1/2wi (see Fig. 1B).

Note that the resulting model is a highly nontrivial dynamical
system: It transitions froma (discretized) PDE to a set of (compartment-
based) ODEs after the first nine cycles. It is subsequently nonautono-
mous, due to the temporal variations in nuclear size it embodies. More
importantly, it is a variable degree-of-freedom system: at each cycle, the
number of compartments and, consequently, the number of equations
to be solved, changes. Furthermore, within each cycle, the number of
equations reduces by a factor of 2 because of the nuclear dissolution.

Dimensionless parameters and experiment-based constraints

The model is nondimensionalized using the following set of
transformations:

z =
x
L
; τ =

t
T0

; D̂ =
DT0
L2

; B̂
h i

=
½B�

QL=D
; B̂n

h i
=

½Bn�
QL=D

;

Γ̂ =
ΓAadj;14T0

Vn;14
; K̂out =

koutT0An;14

Vn;14
; K̂ in =

kinT0An;14

Vn;14
: ð3Þ
Here T0 is the time interval comprising the first nine cycles (T0=
72min); Aadj,14 is the common surface area between two adjacent
compartments at cycle 14 and Vn,14 is the volume of a single nucleus at
the end of cycle 14, when its radius is Rmax; 14 Vn;14 = 4 = 3πRmax;14

3
� �

.
Thus, the dynamics of Bcd depends on four dimensionless

parameters: D̂ is the dimensionless effective diffusivity of cytoplasmic
Bcd in the early syncytium (the first nine nuclear division cycles), Γ̂ is
the dimensionless transport coefficient of the intercompartmental
transport process during cycles 10–14, K̂ in is the dimensionless rate
coefficient of the nuclear import of cytoplasmic Bcd, and K̂out is the
dimensionless rate coefficient of Bcd release from the nuclear phase
to the surrounding cytoplasm. The ratio of import and export rates is
henceforth referred to as the “equilibrium constant.”

The ranges within which these four free parameters vary can be
constrained by experimental observations. The first constraint is
related to the shape of the Bcd gradient at the beginning of cycle 14.
Based on experiments with Bcd antibody staining and/or Bcd-GFP
constructs, Bcd gradient is found to be exponential in space: B(t)∼exp
(−z/λ), where z is the normalized distance along the AP axis and λ is
the decay length that has been estimated between 0.1 and 0.2. We are
interested in those sets of parameters that predict a decay length in
this range. The decay length of the model-based gradient is computed
by a simple exponential fit.

The second constraint is provided by the stability of the pattern of
nuclear Bcd in the late syncytium (Gregor et al., 2007). This pattern is
“dissolved” with every mitosis but is then rapidly reestablished at a
new nuclear density to a new quasi steady-state value that is within
10% of the premitotic level. In experiments, the stability of the nuclear
Bcd gradients was quantified by the spatially averaged coefficient of
variation (ratio of the standard deviation and variance) of [Bn] at times
t=74, 84, 95, 110, and 134 min, which correspond to ∼40% of the
time in the interphase of each nuclear cycle (i=10–14).

To establish a stabilitymeasure for the gradient in themodel, we first
calculate the values of nuclear Bcd at these five specific time points in
every compartment. Based on these points, we calculate the mean, the
standard deviation, and the accuracy (defined here as a coefficient of
variation) of nuclear Bcd in a given compartment. Finally,we average the
result over all compartments, generating in this way a scalar measure of
the temporal accuracy of the nuclear gradient predicted by the model.
We are interested in those sets of parameters that predict accuracy of at
least 10% (this corresponds to the coefficient of variation less than 0.1).

Thus, a four-dimensional vector of model parameters is mapped
into two numbers. The first number corresponds to the exponential
decay length of the Bcd gradient at the beginning of cycle 14, and the
second number corresponds to the temporal accuracy (or stability) of
the nuclear Bcd gradient during the last five nuclear cycles. An
additional constraint is provided by the fact that the nuclear level of
Bcd in cycle 14 embryos is higher than the cytoplasmic Bcd concen-
tration (Gregor et al., 2007).

As a first step in analyzing the dynamics of the Bcd gradient in the
model, we generated an ensemble of parameter vectors that satisfy the
three constraints above. This was done by sampling the four model
parameters from uniform distributions. The values for effective diffusiv-
ity were chosen based on a uniform distribution between 0.05 and
10 μm2/s, a range that contains the experimentally reported diffusivities
(Gregor et al., 2005; Gregor et al., 2007). The values for the import and
export rate constants were chosen from a very broad interval; the only
condition was that their ratio should be greater than one (see the third
constraint above). Finally, the intercompartmental transport coefficient
was chosen between 10−3 and 0.5 μm/s. Our analysis below is based on
an ensemble of ∼40,000 acceptable parameter vectors.

Parameter values in the model with a stable Bcd protein

Fig. 2A depicts the spatiotemporal evolution of the (dimension-
less) nuclear Bcd gradient during cycles 10–14 for D=3 μm2/s,



Fig. 2. (A) Spatiotemporal evolution of nuclear Bcd predicted for D=3 μm2/s,
Γ=0.1 μm/s, kin=108 μm/s, and kout=20 μm/s (kin/kout=5). These parameter values
produce Bcd dynamics that are consistent with the Bcd shape criterion (λ=0.16) and
the nuclear Bcd stability criterion (∼9% accuracy). (B) Snapshots of the nuclear Bcd
gradient used for the computation of the stability measure. The Bcd gradients are ∼9%
accurate over cycles 10–14. (C) Temporal evolution of nuclear Bcd concentration at
dimensionless distance z=0.1, showing a rapid increase at the beginning of each cycle;
nuclear Bcd then starts decreasing progressively as the volume occupied by the nuclear
phase grows.

Fig. 3. (A) Distribution of the acceptable values of the equilibrium constant for
nucleocytoplasmic shuttling, K. (B) Distribution of the sampled acceptable values of Bcd
diffusivity, D, during cycles 1–9.
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Γ=0.1 μm/s, kin=108 μm/s, and kout=20 μm/s (kin/kout=5). These
dynamics are consistent with the criteria of Bcd shape and stability:
The cytoplasmic Bcd gradient, which is fitted by an exponential, has a
dimensionless decay length λ=0.16 at the beginning of cycle 14.
Temporal stability of nuclear Bcd is also attained (at ∼9%). In Fig. 2C,
we show the evolution of nuclear Bcd concentration during the
interphase of cycles 10–14, at a dimensionless distance z=0.1 (10%
along the AP axis of the embryo). Bcd rapidly increases within a very
short time interval at the beginning of each cycle; after that, an
increase of the nuclear radius leads to an effective decrease in the
nuclear Bcd concentration. Other modeling approaches, which
assume that the nuclear radius is constant, predict a continuously
increasing trend (e.g., Coppey et al., 2007; Hecht et al., 2009). Note
that the nuclear Bcd level starts ramping up with a shallow slope at
the end of the interphase of cycle 14; this is due to the stabilization of
the nuclear radius combined with the arrival of the newly produced
Bcd.

Live imaging experiments demonstrated that Bcd undergoes rapid
nucleocytoplasmic shuttling; this suggests that cytoplasmic and
nuclear pools of Bcd can be considered at a local equilibrium (Gregor
et al., 2007). While we have not imposed this as a constraint, our
analysis indicate that a rapid local equilibration is indeed established
between nuclear and cytoplasmic Bcd within each compartment at
the beginning of each cycle. A local equilibration implies that
the nuclear concentration of Bcd quickly approaches a steady state
(d[Bn(j)/dt=0]); this leads to [Bn(j)]/[B(j)]=K, where K≡kin/kout is the
equilibrium constant for nuclear import and export. Several test
simulations, using a large ensemble of optimal parameter vectors,
indicate that there is indeed an agreement between the dynamics
of nuclear Bcd concentration and the equilibrium approximation:
[Bn(j)]=K[B(j)].

Fig. 3A presents the distribution of acceptable values of this
equilibrium constant K, as it results from the application of our
parameter screening process. The mean value of this empirically
determined distribution (〈K〉=5.5) is close to the experimentally
determined value of ∼5. Another parameter of the model which can
be compared with experimental measurements is the Bcd diffusivity,
D, during the early stages of the process (cycles 1–9). As shown in
Fig. 3B according to our model, D can range between 1.5 and 6 μm2/s.
Similar estimates were obtained using our earlier PDE-based model
(Coppey et al., 2007). While this estimate is in good agreement with
the measurements of dextran diffusivity in the early embryo, it is
almost an order of magnitude higher than the 0.3 μm2/s value that has
beenmeasured with the Bcd-GFP protein in cycle 14 embryos (Gregor
et al., 2005; Gregor et al., 2007).

Sensitivity to the distribution of Bcd source and lateral transport

Using a large set of parameters consistent with the wild type Bcd
gradient, we can explore aspects of gradient dynamics that cannot
(yet) be straightforwardly accessed experimentally. One important
question pertains to the distribution gradient of the Bcd mRNA in the
syncytium. Until recently, Bcd protein was assumed to be produced at
the pole of the embryo where all the mRNA was tightly localized. In
contrast, a recent work indicated that the Bcd mRNA itself is
distributed in a gradient and not localized at the pole (Spirov et al.,
2009). We use the model developed in that paper to characterize the
behavior of the system with a non-localized source. We analyze the
model for two alternate distributed source functions—“sharp mRNA
gradient” (λsource,max=0.125 λprotein,max) or a “shallow mRNA
gradient” (λsource=0.75 λprotein) and compare these results with the
ones obtained using the model with flux localized at the boundary,
henceforth referred to as the “localized source.” The equations for the
systems with a distributed source are explained in detail in the
Supplemental data.
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We found that as the source becomes delocalized, acceptable
parameter values for diffusivity and intercompartmental transport
coefficients become significantly lower, while the equilibrium con-
stant is relatively higher (Fig. 4). This can be rationalized as follows:
For the highly localized source, protein molecules need to diffuse
farther away from the source such that the final protein gradient has a
characteristic length between 0.1 and 0.2 (in units of the total size of
the system). Therefore, they have higher diffusivity and intercompart-
mental transport coefficient. For the shallow source, the protein
should not travel far from the source. Thus, lateral transport should be
limited and protein should be trapped quickly by the nuclei, which
explains the low transport coefficients and slightly higher equilibrium
constant. Note that the estimated diffusivity for the shallow source is
in good agreementwith the Bcd diffusivitymeasured using Bcd-GFP, in
contrast to systems with higher diffusivity.

Another important question that needs to be addressed is the
relative contributions of the lateral Bcd transport during the early and
late phases of the Bcd gradient formation. Specifically: is it possible
that the gradient becomes fully established during the first nine
cycles, and that transport during the last nuclear cycles can be
neglected? To address this question, we examined the model
predictions for a large number of acceptable parameter vectors with
either a localized source or a shallow source gradient. For each of
these parameter combinations, we set the rate of intercompartmental
transport to 0. The model was then solved for each of the modified
parameter vectors, to test whether the predicted gradient is still
consistent with the length scale and temporal accuracy constraints.

We found that almost all of the perturbed parameter sets passed
this test for the shallow source gradient, but no parameter vector
satisfied the constraints for the localized source. Thus, lateral
Fig. 4. Distribution of the acceptable values of the diffusivity (A), equilibrium constant
for nucleocytoplasmic shuttling (B) and intercompartmental transport (C) for the
model with the bicoid production sources with different levels of localization (see text
for details).
transport of Bcd in the late syncytium is not essential for establishing
a Bcd gradient in the model with a shallow source of Bcd production.
The gradient can be formed during the early nuclear cycles and then
“read-out” by the nuclei, which thus act as passive sensors of the
preestablished concentration field. In contrast, if the mRNA is
localized at the pole, the intercompartmental transport is important
for establishing and maintaining the protein gradient.

Model with nuclear degradation of Bcd

Up until now, we considered a model where Bcd is viewed as a
protein with infinitely long lifetime. Most of the models in the
literature, however, contain some form of Bcd degradation. This is
mainly based on the fact that the observed gradient is well
approximated by a single exponential, which can be obtained as a
steady state solution of a model that accounts for diffusion and
uniform degradation of locally produced Bcd (Driever and Nusslein-
Volhard, 1988; Ephrussi and St Johnston, 2004). It has also been
proposed that a model including the nuclear degradation of Bcd can
account for the scaling properties of the Bcd gradient (Gregor et al.,
2007). One attractive feature of this model is that it can potentially
account for the experimentally observed scaling of the Bcd gradient in
species of different size. At the same time, it is not known whether or
not Bcd is degraded on the time scale relevant for the formation of the
wild type gradient. This issue can be readily explored using our
modeling framework.

We have extended our model to account for a first-order nuclear
degradation. First, we asked whether the observed dynamics of the
gradient can be used to constrain the values for lifetime of the Bcd
protein. We selected a number of values for the Bcd lifetime (τ1/2=
3 min, 5 min, 10 min, 20 min, 40 min, 100 min). For each of these
values, we implemented the model inversion strategy described above
to determine the ranges of the remaining parameters (D,K,Γ) for the
model with either a sharp source or a shallow source We established
that for both models with lifetimes greater than 100 min, the distri-
bution functions for D,K, and Γ are indistinguishable from those in the
model with no Bcd degradation. Furthermore, based on extensive
sampling of theparameter space,we concluded that for the localized (or
shallow) source, lifetimes below 10 min (5 min) cannot be reconciled
with the experimentally observed length scale and stability of the Bcd
gradient. Thus, we could provide a lower bound for the lifetime of the
Bcd protein, a parameter that is yet to be measured experimentally.

For shorter lifetimes, the model does not satisfy the stability
constraint: Instead of preserving its shape at different nuclear den-
sities, the gradient is amplified at the pole and attenuated in the
midbody region. This is a common property of problems with diffu-
sion and uniform degradation. For the intermediate ranges of the Bcd
lifetimes (between 5 and 100 min), there is a correlation between the
lifetime and the equilibrium constant that characterizes nucleocyto-
plasmic shuttling: shorter lifetimes lead to smaller value of equilib-
rium constant. This is to be expected, since, by reducing the fraction of
time spent in the nucleus, the system reduces the gradient sharpening
effect.

With the introduction of finite Bcd lifetime (however long it might
be), the model acquires a true steady state, a feature that is absent in
the model with no Bcd degradation. Thus, we asked how closely this
steady state is approached on the time scale of the gradient formation.
To explore this issue we carried out the following test. For every value
of the Bcd lifetime consistent with the experimentally observed
gradient dynamics, we generated an ensemble of remaining model
parameters. For each of these parameter sets, we calculated the steady
state value of the nuclear Bcd concentration at 50% of the embryo
length, which corresponds to the location of the expression boundary
of Hb, a well-studied transcriptional target of Bcd (Crauk and Dostatni,
2005; Driever and Nusslein-Volhard, 1989; Houchmandzadeh et al.,
2002).

image of Fig.�4
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Next, we looked at the time required for the gradient to approach
this steady state in cycle 14. For the localized source or the sharply
distributed source, we found that for all acceptable values of Bcd
lifetime, it takes at least 90 min into cycle 14 to approach the final
steady state. For the shallow source, a small number of parameter
vectors are consistent with the system approaching steady state
within 10–15 min. This can be understood based on the fact that with
a shallow source, the molecules do not diffuse very far and hence, can
be trapped in the nucleus relatively faster, thus approaching the
steady state quickly. However, even with the shallow source, most
parameter vectors predict that it takes more than 60 min to reach
steady state. Based on this, we conclude that it is unlikely that the
system reaches the steady state on the time scale relevant for the
formation of the gradient.

Discussion

Weproposedahybridmodel for thedynamics of theBcdmorphogen
gradient. Our model combines a continuum description of the early
syncytium with a compartmental description of nucleocytoplasmic
shuttling and transport during the last five nuclear divisions. Themodel
contains four dimensionless parameters that characterize the lateral
spread of Bcd during the first nine cycles, the intercompartmental
transport in the late syncytium, and the rates of nuclear import and
export. Overall, we conclude that such a model provides an adequate
mathematical description of the known processes that contribute to the
Bcd gradient formation, and constitutes a viable alternative to the
predominant PDE-based approaches.

In future work, our model can be extended to provide increasingly
accurate representations of both the syncytium and the Bcd gradient.
Possible extensions include a more realistic description of the
nucleocytoplasmic shuttling (Kopito and Elbaum, 2007), convection
in the early syncytium (Hecht et al., 2009), disorder in the spatial
arrangements of nuclei (Yohn et al., 2003), and cell cycle-dependent
changes of the model parameters. Quantitative understanding of the
possible effects of these factors is essential in exploring the scaling
properties of the gradient and its behavior in the wild type and
mutant backgrounds. We note that while the roles of the macroscopic
shape of the embryo- and cell cycle-dependent rate constants can be
readily explored using PDE-based models, modeling the effects of
disorder in nuclear positions is muchmore straightforward within the
proposed compartmental framework.

Our final note is related to the computational efficiency of model
inversion studies with spatially distributed models. The model of the
Bcd gradient presented here had only four parameters, clearly a
consequence of the large number of assumptions and approximations
we made in its formulation. A more complex model of the Dl
morphogen gradient had nine dimensionless parameters and could
also be invertedwithout difficulty. Thus,models of individualmaternal
morphogen gradients, Bcd, Dl, and the mitogen-activated protein
kinase (MAPK) signaling gradient that patterns the terminal regions of
the embryo (Coppey et al., 2008), can be used as an efficient tool for
constraining the ranges of individual rate constants (Shvartsman et al.,
2008). A more complex problem arises when one considers nonlinear
interactions between different maternal patterning systems. As an
example, MAPK phosphorylates Bcd, an effect that influences both the
transcriptional activity of Bcd and the MAPK signaling gradient itself
(Kim et al., 2010). Even the simplest model for the interaction of the
anterior and terminal systems has more than a dozen uncertain pa-
rameters. While computationally challenging, analysis of such models
is essential to quantitatively understand how the joint action of ma-
ternal morphogen gradients specifies gene expression boundaries in
the embryo.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ydbio.2010.05.491.
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