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Effective diffusivity in periodic porous materials
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Diffusion of a solute in a periodic porous solid is analyzed. An expression for the effective diffusion
coefficient is derived for a solute diffusing in a porous medium formed by a simple cubic lattice of
spherical cavities connected by narrow tubes. This expression shows how the effective diffusion
coefficient depends on microgeometry of the porous material. Generalizations to nonspherical
cavities, other lattices, and nonequal diffusion coefficients in the cavities and in the tubes are
discussed. ©2003 American Institute of Physics.@DOI: 10.1063/1.1615758#
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Motivated by recent successes in the design of perio
porous materials,1 we study solute diffusion in a solven
filled periodic array of identical cavities connected by n
row tubes and derive an expression for the effective diffus
ity. The wide range of architectures in a new class of m
made porous materials promises a large number
applications in chemistry and biology. One of the poten
applications is in controlled drug release: By regulating
microstructure of a porous material one can tune the mole
lar diffusivity of a drug and, hence, the rate of its efflux fro
the encapsulating matrix.2,3

Recently, we have derived the effective diffusivity fo
the case of periodic arrays of touching spherical cavitie4

Our analysis was based on the recent results for the esca
Brownian particles through the entropic barrier.5 Here, we
combine the general approach presented in Ref. 4 with
analysis of the particle translocation through a narrow tu
connecting two reservoirs.6 This enables the derivation of th
expression for the effective diffusivity,De f f , in a porous
medium formed by spherical cavities arranged in a latt
and connected by tubes. The derived structure/property r
tionship shows howDe f f depends on the microgeometry
the medium. Straightforward generalizations of our analy
to other lattices, nonspherical cavities, and nonequal di
sion coefficients in the cavities and in the tubes are discus
at the end of the paper.

Consider a particle diffusing in a porous medium form
by a simple cubic lattice of spherical cavities of radiusR
connected by tubes of lengthL and radiusa, which is much
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6990021-9606/2003/119(14)/6991/3/$20.00

Downloaded 28 Sep 2003 to 128.112.116.179. Redistribution subject to 
ic

-
-
-

of
l
e
u-

.
of

e
e

e
la-

is
-

ed

smaller thanR. The particle diffusion constant in the uncon
strained solvent isD0 . The effective diffusivity characterize
diffusion of a particle on times when its mean square d
placement is much larger than the square of the lattice
riod, (2R1L)2. To derive an expression forDe f f one has to
find the mean square displacement by solving the diffus
equation in real geometry. To perform this calculation o
has to solve the diffusion equation in the cavity and in t
tube and match the two solutions at the tube entrance. Th
an extremely complicated task, which cannot be carried
One can find a discussion of different approximate a
proaches to the problem in Ref. 7.

While the problem cannot be solved analytically in t
general case, an expression forDe f f can be derived whena
!R. In this case, diffusion can be replaced by a lattice r
dom walk between the neighboring sites, which coinc
with the centers of the spheres. Indeed, whena!R, the time
required for a particle to find an entrance to a tube is mu
larger than the characteristic relaxation time of the distrib
tion in the cavity to equilibrium. This means that every sm
volume inside the cavity is visited many times by the parti
before it enters the tube. As a consequence, its average
sition in the cavity coincides with the center of the spher

Replacing diffusion by the random walk we can find t
effective diffusivity by means of the relation

De f f5
~2R1L !2

6T
, ~1!

whereT is the average time between successive steps of
random walk. We derive an expression forT as a function of
the problem parameters,R, a, L, andD0 in two steps. First,
we derive an expression forT using auxiliary quantities tha
characterize the particle life in the cavity and in the tub

o

:

1 © 2003 American Institute of Physics

AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



na
e

us
b
-
in
,
a

lu

a
i

im
le

is

t
ig
de
lly
t

ac

le
ed
s

n
sl

the
ers

efs.
ment
ults.

ing
,

he

n

s.

s

us
sol-

c-

e
the

he

y
ent

he

t

6992 J. Chem. Phys., Vol. 119, No. 14, 8 October 2003 Berezhkovskii, Zitserman, and Shvartsman
Expressing these auxiliary quantities in terms of the origi
parameters of the problem we find an expression for the
fective diffusivity.

The idea of replacing the diffusion in a periodic poro
medium by random walk has been previously exploited
Callaghanet al. in their pore hopping theory, which was de
veloped for the interpretation of the pulsed gradient sp
echo nuclear magnetic resonance results.8 For these authors
the hopping rate was an adjustable parameter. In our an
sis, the hopping rate is derived as a function of the so
diffusivity and the geometric parameters of the medium.

To escape from the cavity, the particle has to first find
entrance to one of the tubes that connect the cavity with
six nearest neighbors. To derive the average searching t
we use the result for the survival probability of a partic
diffusing in a cavity of volumeV with a small circular ab-
sorbing disk of radiusa on its wall.5 It was shown that the
survival probability decays as a single exponential,S(t)
5exp(2kt), where the rate constant is given byk
54aD0 /V. Consequently, the average time finding one d
is k215V/(4aD0). When there are six entrances~absorbing
disks! the average searching time is 1/(6k).

The particle that has entered the tube will either return
the initial cavity or traverse the tube and escape to the ne
boring cavity. The probabilities for these two events are
notedPr andPtr , respectively. Since the particle eventua
escapes from the tube,Ptr1Pr51. The average times spen
in the tube by translocating and returning particles aret̄ tr and
t̄ r . Using these probabilities and average times for e
events, we can write timeT as an infinite series

T5 (
n51

` F n

6k
1~n21! t̄ r1 t̄ tr GPr

n21Ptr , ~2!

where thenth term is the contribution due to the partic
translocation on thenth attempt. The series can be summ
up, leading to the mean time for escaping to one of the
nearest neighboring cavities

T5
116kt̄

6kPtr
, ~3!

where t̄ is the average lifetime in the tube given by

t̄5 t̄ tr Ptr1 t̄ r Pr . ~4!

Combining Eqs.~3! and ~1! we arrive at

De f f5
~2R1L !2kPtr

116kt̄
. ~5!

To finish the derivation, we need to expressk, Ptr , and t̄ in
terms ofR, a, L, andD0 . Expressions for the translocatio
probability and the average lifetime have been previou
derived6

Ptr5
1

21
4L

pa

, ~6!

t̄5
paL

8D0
. ~7!
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Substituting these expressions into Eq.~5! we obtain

De f f5
6a2~2R1L !2D0

~4R319a2L !~pa12L !
. ~8!

This is one of the main results of this note. It shows how
effective diffusivity depends on the geometrical paramet
of the porous media. The expressions fork, Ptr , and t̄ used
to obtainDe f f in Eq. ~8! from the expression in Eq.~5! have
been tested against Brownian dynamics simulations in R
5 and 6. The tests have demonstrated excellent agree
between the theoretical predictions and the numerical res
For this reason the expressions in Eq.~8! may be considered
as an exact result whena!R.

For L50, the effective diffusion constant in Eq.~8! re-
duces to our recent result for a cubic lattice of contact
spheres,De f f56aD0 /(pR).4 In the opposite limiting case
asL→`, the effective diffusion constant approaches

De f f5
1
3D0 . ~9!

This corresponds to diffusion in a cubic lattice formed by t
intersecting tubes.

The dependence ofDe f f on L is nonmonotonous.De f f

first decreases withL, then reaches a minimum, and the
increases approaching its limiting valueD0/3 asL→`. In
this limiting caseDe f f does not depend on the tube radiu
When a→0, De f f reaches its minimal value ofDe f f

56a2D0 /R2 at L52R. This value ispa/R times smaller
than the value ofDe f f at L50, i.e., for contacting sphere
connected by apertures of radiusa.

The effective diffusion constant of a solute in a poro
medium is always smaller than that in the unconstrained
vent. It is frequently written in the form

De f f5
D0

t
, ~10!

where t is the tortuosity, which is a fudge factor that a
counts for the effect of the constrictions.3,9 Our result for the
effective diffusivity leads to the explicit expression for th
tortuosity as a function of the geometrical parameters of
porous media

t5
~419ã2L̃ !~pã12L̃ !

6ã2~21L̃ !2
, ~11!

whereã and L̃ are dimensionless diameter and length of t
tubes:

ã5
a

R
, L̃5

L

R
. ~12!

An interesting feature of theL-dependence of the tortuosit
is the asymmetry of its fast initial increase and subsequ
slow decrease when it goes to theL̃→` asymptotic value,
t53 ~Fig. 1!.

The nonmonotonic behavior ofDe f f and the tortuosity is
due to the competition of two factors which enter into t
expression in Eq.~5!. The factor (2R1L)2 increases withL
while the factorPtr /(11kt̄) decreases asL increases. From
Eq. ~8! one can see that forL!R3/a2 De f f'k(2R1L)2Ptr

5(pak/2)(2R1L)2/(pa12L). This expression shows tha
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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De f f monotonically decreases withL whenL,2R, reaches a
minimum atL52R, and then increases whenL.2R. The
increase ofDe f f slows down atL@R3/a2. As L→` De f f

approaches its limiting value given in Eq.~9!.
Our results can be extended to the cavities of differ

shapes as well as to the lattices of other types. For exam
for cubic cavities of sizeb arranged in a simple cubic lattic
and connected by cylindrical tubes of lengthL and radiusa,
which is small compared tob, a!b, De f f is given by

De f f5
4pa2~b1L !2D0

~2b31pa2L !~pa12L !
. ~13!

Generalization of the expression in Eq.~5! to the case of
simple cubic lattices of spherical cavities ind dimensions
(d51,2,3) is

FIG. 1. Tortuosity as a function of the tube length.
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De f f5
6a2~2R1L !2D0

~4R313da2L !~pa12L !
. ~14!

In the discussion above it has been assumed that
particle diffusion coefficients in the cavities and in the tub
are equal. The derivation can be generalized to the cas
nonequal diffusion coefficients,DcÞDt , whereDc and Dt

are the diffusion coefficients in the cavities and in the tub
respectively. In this casek and t̄ are given by the same ex
pressions as earlier, in whichD0 should be replaced byDc ,
and Ptr5@214LDc /(paDt)#21. Substituting these rela
tions into Eq.~5! one finds

De f f5
6a2~2R1L !2DcDt

~4R319a2L !~paDt12LDc!
. ~15!

This expression is a generalization ofDe f f in Eq. ~8! to the
case of nonequal diffusion coefficients. The expression
Eq. ~15! can be used when the size of the diffusing solute
comparable with the tube diameter andDt!Dc .
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