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Diffusion of a solute in a periodic porous solid is analyzed. An expression for the effective diffusion
coefficient is derived for a solute diffusing in a porous medium formed by a simple cubic lattice of
spherical cavities connected by narrow tubes. This expression shows how the effective diffusion
coefficient depends on microgeometry of the porous material. Generalizations to nonspherical
cavities, other lattices, and nonequal diffusion coefficients in the cavities and in the tubes are
discussed. ©€2003 American Institute of Physic§DOI: 10.1063/1.1615758

Motivated by recent successes in the design of periodismaller tharR. The particle diffusion constant in the uncon-
porous material$,we study solute diffusion in a solvent- strained solvent i®,. The effective diffusivity characterizes
filled periodic array of identical cavities connected by nar-diffusion of a particle on times when its mean square dis-
row tubes and derive an expression for the effective diffusivplacement is much larger than the square of the lattice pe-
ity. The wide range of architectures in a new class of man¥iod, (2R+L)?. To derive an expression f@, one has to
made porous materials promises a large number ofind the mean square displacement by solving the diffusion
applications in chemistry and biology. One of the potential€duation in real geometry. To perform this calculation one
applications is in controlled drug release: By regulating théhas to solve the diffusion equation in the cavity and in the
microstructure of a porous material one can tune the molectP€ and maich the two solutions at the tube entrance. This is

lar diffusivity of a drug and, hence, the rate of its efflux from an extremely complicated task, which cannot be carried out.
the encapsulating matre One can find a discussion of different approximate ap-

Recently, we have derived the effective diffusivity for Proaches to the problem in Ref. 7. _ _
the case of periodic arrays of touching spherical cavfties. While the problem capnot be solved ana]yncally in the
Our analysis was based on the recent results for the escape%el}m:"r"j‘I Case, an expression gy can be derived whea
Brownian particles through the entropic barfigere, we <R. In this case, diffusion can be replaced by a lattice ran-

combine the general approach presented in Ref. 4 with thgOrn walk between the neighboring sites, which coincide

analysis of the particle translocation through a narrow tube” ith the centers of the spheres. Indeed, wherR, the time

. . ) R fequired for a particle to find an entrance to a tube is much
connecting two reservoifsThis enables the derivation of the quired for a p € o nn ance 1o b i

. . e . larger than the characteristic relaxation time of the distribu-
expression for the effective diffusivityDe¢¢, In @ porous

di f db herical i qdi latti tion in the cavity to equilibrium. This means that every small
medium formed by spherical cavities arranged in a fatlics, e inside the cavity is visited many times by the particle
and connected by tubes. The derived structure/property relzb'efore it enters the tube. As a consequence, its average po-

i S roc pvleaions o oo 17 1 h vy conides vl h oner ofh spre
to other lattices r?onspherica? cavities, and nonequal d?/ffu— Rfeplac_mg Fi|ffu5|on by the random wglk we can find the
- - a o HE ¢ effective diffusivity by means of the relation

sion coefficients in the cavities and in the tubes are discussed
at the end of the paper. (2R+L)2

Consider a particle diffusing in a porous medium formed D =
by a simple cubic lattice of spherical cavities of radils
connected by tubes of lengthand radiusa, which is much

T @

whereT is the average time between successive steps of the
) w < on . random walk. We derive an expression foas a function of
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Expressing these auxiliary quantities in terms of the originalSubstituting these expressions into [E8). we obtain

parameters of the problem we find an expression for the ef- 5 )

fective diffusivity. 6a’(2R+L)™Do ®
The idea of replacing the diffusion in a periodic porous (4R3+9aL)(ma+2L)

medium by random walk has been previously exploited byThis is one of the main results of this note. It shows how the

Callagharet al. in their pore hopping theory, which was de- ; e :
veloped for the interpretation of the pulsed gradient Spin_ef“fectlve diffusivity depends on the geometrical parameters

echo nuclear magnetic resonance resufsr these authors of the porous media. The expressions koP, , andt used
g ' to obtainD.¢; in Eq. (8) from the expression in E@5) have

the hopping rate was an adjustable parameter. In our analy- . . . . : !
. pping : ) b . Yeen tested against Brownian dynamics simulations in Refs.
sis, the hopping rate is derived as a function of the SOIUt% and 6. The tests have demonstrated excellent agreement

diffusivity and the geometric parameters of the medium. between the theoretical predictions and the numerical results.

To escape from the cavity, the particle has to first find aq:or this reason the expressions in E&).may be considered
entrance to one of the tubes that connect the cavity with its P -may

six nearest neighbors. To derive the average searching tima> an exact result Whe&.% R'. : .
" For L=0, the effective diffusion constant in E¢B) re-

we use the result for the survival probability of a particle . . .
e . . . duces to our recent result for a cubic lattice of contacting
diffusing in a cavity of volumev with a small circular ab- 4 R
spheresD.s=6aDq/(7R).” In the opposite limiting case,

sorbing disk of radius on its wall® It was shown that the ! A
survival probability decays as a single exponenti(t) asL—o, the effective diffusion constant approaches
=exp(—kt), where the rate constant is given bk Desi=3Dy. 9
=4aDgy/V. Consequently, the average time finding one dis
is k" 1=V/(4aD,). When there are six entrancébsorbing
disks the average searching time is 1K) o The dependence dd.¢; on L is nonmonotonousD ¢
The particle that has entered the tube will either return tqirst decreases with.. then reaches a minimum. and then
the initial cavity or traverse the tube and escape to the nEighlhcreases approachi,ng its limiting valiey/3 asL,—>oo In
boring cavity. The probabilities for these two events are deihis limiting caseD; does not depend on the tube.radius
notedP, and Py, , respectively. Since the particle eventually When a—0. D Efrfeaches its minimal value oD |
escapes from the tub®,, + P, = 1. The average times spent _ >~ 0o’ Iff=fZR This value isra/R times smafllf:er
in the tube by translocating and returning particlestgrand 0 )

. oo . than the value oD.¢; at L=0, i.e., for contacting spheres
t,. Using these probabilities and average times for eac'%onnected by aperfljfres of radias gsp

events, we can write tim& as an infinite series . e .
The effective diffusion constant of a solute in a porous

eff—

kThis corresponds to diffusion in a cubic lattice formed by the
intersecting tubes.

“ I'n o medium is always smaller than that in the unconstrained sol-
=2 &J’_(n_l)tr"’_ttr PP Py, (2)  vent. It is frequently written in the form
n=1
D
where thenth term is the contribution due to the particle Deffz—o, (10

translocation on theth attempt. The series can be summed T

up, leading to the mean time for escaping to one of the sixvhere 7 is the tortuosity, which is a fudge factor that ac-
nearest neighboring cavities counts for the effect of the constrictiof$ Our result for the
effective diffusivity leads to the explicit expression for the

= 1+6kt, (3) tortuosity as a function of the geometrical parameters of the
6k Py, porous media
wheret is the average lifetime in the tube given by (4+952[)(7T§+2[) )
JR— — T= =
t=t, Py +1t,P,. 4 6a%(2+L)?
Combining Eqgs(3) and (1) we arrive at whered andL are dimensionless diameter and length of the
(2R+ L)katr tubes:
Dett=—776rt - 5 L2 T L 2
R TR

To finish the derivation, we need to exprds,,, andt in
terms ofR, a, L, andD . Expressions for the translocation An interesting feature of the-dependence of the tortuosity
probability and the average lifetime have been previouslyis the asymmetry of its fast initial increase and subsequent

derived slow decrease when it goes to the-c asymptotic value,
1 =3 (Fig. 1.
Py=——) (6) The nonmonotonic behavior & .¢; and the tortuosity is
24 ﬂ due to the competition of two factors which enter into the
Ta expression in Eq(5). The factor (R+ L)? increases with

while the factorP,, /(1+Kkt) decreases dsincreases. From
_ _ (77 EQ.(8) one can see that fdr< R%/a? Dgt~k(2R+L)2P,,
8Dg = (mak/2)(2R+L)?/(wa+2L). This expression shows that

— qgalL
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20 ' ‘ ' 0o 6a2(2R+L)2D,
" (4R3+3dalL)(mat2L)

(14)
18

In the discussion above it has been assumed that the
particle diffusion coefficients in the cavities and in the tubes
are equal. The derivation can be generalized to the case of
nonequal diffusion coefficient®.#D,, whereD. and D,
are the diffusion coefficients in the cavities and in the tubes,
respectively. In this cask andt are given by the same ex-
pressions as earlier, in whidh, should be replaced bB ..,
and P,=[2+4LD./(waD,)]!. Substituting these rela-
tions into Eq.(5) one finds

16
14
12

10

6a’(2R+L)?D D,
(4R%+9a%L)(mwaD,+2LD,)

(15

Dets=

= : This expression is a generalization Df¢; in Eq. (8) to the
10 10 10 10 10 case of nonequal diffusion coefficients. The expression in
log,(L/R) Eq. (15) can be used when the size of the diffusing solute is

FIG. 1. Tortuosity as a function of the tube length. comparable with the tube diameter and@DC'
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